How the objective everyday world emerges from the underlying quantum behaviour of its microscopic constituents is an open question at the heart of the foundations of quantum mechanics. Quantum Darwinism and spectrum broadcast structure are two different frameworks providing key insight into this question. Recent works, however, indicate these two frameworks can lead to conflicting predictions on the objectivity of the state of a system interacting with an environment. Here we provide a resolution to this issue by defining strong quantum Darwinism and proving that it is equivalent to spectrum broadcast structure when combined with strong independence of the subenvironments. We further show that strong quantum Darwinism is sufficient and necessary to signal state objectivity without the requirement of strong independence. Our work unveils the deep connection between strong quantum Darwinism and spectrum broadcast structure, thereby making fundamental progress towards understanding and solving the emergence of classicality from the quantum world. Together they provide us a sharper understanding of the transition in terms of state structure, geometry, and quantum and classical information.
Through the interaction with large environments, quantum systems lose their underlying subjective quantum behaviour and appear objective to independent observers. How this transition from the quantum to the classical world happens is not fully understood. Decoherence theory takes a huge leap towards solving this problem [1] [2] [3] , however, by itself does not explain other important aspects of objectivity such as the redundancy of information. Two different frameworks that can explain this information redundancy are quantum Darwinism [4] and spectrum broadcasting [5] . They are illustrated in Fig. 1 . Quantum Darwinism divides the environment into multiple independent fragments and shows that the system-environment interaction can lead to information about the system state being duplicated into such fragments. Quantum Darwinism emerges when multiple different fragments have sufficient information about the system, measured using the quantum mutual information I(S : F) between system S and fragment F. Spectrum broadcasting uses a specific classical-quantum state structure called spectrum broadcast structure to signal the emergence of objectivity. These frameworks are complementary in their approach to signal objectivity. The former is entropic in nature, while the latter, focused on the state structure, is geometric. Both frameworks have been studied in various spin-spin and spin-boson models [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , illuminated spheres [5, [20] [21] [22] , quantum Brownian motion [23] [24] [25] [26] [27] [28] , single N -level environments [29, 30] , generalised probabilistic theories [31] , and even in QED [32] , gravitational [33] , and experimental quantum-dot [34] [35] [36] [37] [38] and photonic [39] settings. Together, quantum Darwinism and spectrum broadcast structure have made important conceptual contributions to the long-standing problem of the quantum-to-classical transition.
Quantum Darwinism and spectrum broadcast structure rely on an agreed definition of objectivity:
Definition: Objectivity.-A system state is objective if it is (1) simultaneously accessible to many observers (2) who can all determine the state independently without perturbing it and (3) all arrive at the same result [4, 5, 9] . For example, our observations of the moon are objective-by independently observing the light emitted by the moon, different observers can describe the same moon. The definition of what it means to be objective in-and-of-itself is up for debate (this definition can be thought of as inter-subjectivity rather than objectivity per se [40] ), but that debate is not purpose of this Letter. For our purpose of understanding when and why quantum Darwinism can be inconsistent with emergence of classical objectivity, this basic definition is sufficient.
Recent works have shown examples in which quantum Darwinism can falsely herald objectivity of the state of a quantum system [5, 6, 30] . Pleasance and Garraway [6] have considered a qubit coupled to a bosonic environment and found that the mutual information "plateau" that is traditionally used to signal quantum Darwinism-and thus objectivity-was in fact largely comprised of quantum discord rather than classical information. We have investigated objectivity in a qubit interacting with an N -level environment and have shown that there can be a non-negligible amount of quantum discord in a situation where quantum Darwinism had apparently emerged [30] . Horodecki et al. [5] have argued that certain entangled states could satisfy quantum Darwinism while not being objective. The existence of quantum discord in these cases means that the condition of "measurement without perturbation" will fail and hence the system state is not objective, despite what quantum Darwinism suggests.
It is precisely in this respect that traditional quantum Darwinism and the spectrum broadcast structure diverge. Spectrum broadcast structure explicitly fulfills the requirement of non-perturbation of measurement in the sense of Bohr non-disturbance [41] . Furthermore, spectrum broadcast structure implies quantum Darwin-ism, whereas the converse direction does not hold. The mutual information plateau condition of quantum Darwinism is not sufficient to determine whether a state is objective.
Here we propose a resolution to this issue by formulating a stronger version of quantum Darwinism-strong quantum Darwinism. The original mutual information condition is replaced by a stronger condition using the accessible information, Holevo quantity, and the quantum discord. Rather than requiring sufficient mutual information, sufficient classical information, as given by the accessible information and Holevo quantity, is required. The quantum discord must also be vanishing-if the quantum discord is nonzero, then there is information about the system that is not locally accessible by the observer measuring their fragment [42] [43] [44] . We prove that strong quantum Darwinism is equivalent to spectrum broadcast structure when combined with strong independence. This leads to the corollary that strong quantum Darwinism is sufficient and necessary for objectivity. In contrast with spectrum broadcast structure, system objectivity does not require strong independence. In its mathematical simplicity, strong Quantum Darwinism makes fundamental progress towards understanding and solving the emergence of classicality from the quantum world. We also suggest an entropic measure for strong quantum Darwinism that complements the geometric distance bound for spectrum broadcast structure [40] , unifying the various perspectives used to study the quantum-to-classical transition-state structure, geometric distances, and quantum information theory.
Quantum Darwinism.-For a system-environment state |Ψ SE , the reduced density matrix of system is
Decoherence theory and environment superselection [45, 46] describe the preferred pointer basis in which a quantum system decoheres. This is given by the pointer observable Π S , that the system will diagonalise under the influence of the environment [45] [46] [47] [48] . Since the complete evolution is unitary, quantum Darwinism argues that information about the system S-and in particular, information about the observable Π S -must be encoded somewhere in the environment E. This holds for all quantum dynamics regardless of the details of the systemenvironment interaction [49, 50] . Observers then obtain information about the system by measuring fragments of the environment. The von Neumann entropy of the system H(S) = H(ρ S ) = − tr ρ S log 2 ρ S = − i p i log 2 p i , where p i are its eigenvalues, characterises the information contained within the system. The system is objective from the perspective of the observer if they can obtain precisely this information from their measurement of their environment fragment without perturbing the system. Here, we take the mathematical definition of Bohrnondisturbance [41] : the state remains unchanged after 
given different conditional system states.
discarding the measurement results of the POVM {M
Suppose an observer has access to some fragment F of the environment. The reduced density matrix of system and fragment is
where the trace is over all the environment E except the fragment F. The quantum mutual information,
, measures the total quantum and classical correlations between S and F. The classically accessible information is I acc (S : F), and for an objective state, this is equal to the Holevo information on the fragment F conditioned on the system S Π after measurement of Π S on the system [47] ,
where a are the measurement results of a system POVM Π S , p a is the probability of that result and ρ F |a is the conditional state on the fragment. The Holevo information bounds the maximum information about the classical random variable on the system with probabilities {p a } that can be determined via measurements of the fragment F [51] . The quantum discord [42, 43] ,
describes quantum (i.e. non-classical) correlations beyond entanglement: whilst entanglement cannot be prepared using local operations and classical communication (LOCC), quantum discord cannot be measured using LOCC [44] .
From the complementarity between the classical information in the Holevo quantity with the quantum information given by the quantum discord, the quantum mutual information between system and fragment is in fact
. We have the components required to state strong Quantum Darwinism:
Definition: Strong Quantum Darwinism.-A system state S is said to be objective when there exists a fragment of the environment F ⊆ E such that the following condition holds:
where I(S : F) is the quantum mutual information, I acc (S : F) is the accessible information, χ S Π : F is the Holevo quantity in the pointer basis Π and H(S) is the von Neumann entropy of the system. For the system state to be objective, Eq. (5) must also hold for multiple disjoint sub-fragments F i corresponding to multiple independent observers, where
Strong quantum Darwinism recognises the difference between shared classical information and shared quantum information: shared quantum information may have nonzero discord and hence information that is not locally accessible. In contrast, traditional quantum Darwinism [4] only requires that I(S : F) = H(S), and it was assumed that large majority of that information would be classical in nature. However, as the studies of Refs. [5, 6, 30] show, some of that information can be explicitly quantum in nature. The stronger condition I(S : F) = χ S Π : F is also assumed by Zwolak and Zurek [47] , which they call "surplus decoherence", but was not rigorously imposed as a core part of quantum Darwinism as we have done here.
To define the redundancy and spread of the classical information, suppose there are fragments F δ with size |F δ | = f δ |E| that contain classical information
that is approximately the information about the system. The redundancy R δ is the number of unique copies of that information, i.e., the number of disjoint fragments 
This is bounded by the minimum fraction size f δ,min :
A rapid rise of the classical information χ S Π : F , as shown schematically in Fig. 2 , implies that only a small fraction f δ of the environment is required to have access to all the information in the system and hence suggesting that there is a large redundancy R δ ≈ 1/f δ ; this occurs for post-decohered system-environment states (that have spectrum broadcast structure). In contrast, Haarrandom pure system-environment states [52] will tend to have a mixture of classical and quantum correlations between any system and fragment, and a fairly large fraction would be required to access any substantial amount of information about the system. Now, we present the definitions for spectrum broadcast structure and strong independence [5] :
Definition: Spectrum Broadcast Structure.-The joint state ρ SF of the system S and a collection of subenvironments F = E 1 ⊗. . .⊗E F has spectrum broadcast structure if it can be written as:
where {|i } is the pointer basis, p i are probabilities, and all states ρ
Definition: Strong independence.-Subenvironments E j ∈ {E 1 , E 2 , . . . , E F } have strong independence relative to the system S if their conditional mutual information is vanishing:
Strong independence means that there are no correlations between the environments conditioned on the information about the system.
With strong Quantum Darwinism, strong independence and spectrum broadcast structure now defined, we can prove the titular theorem of this Letter:
Theorem.-A state ρ SF has spectrum broadcast structure if and only if it satisfies strong quantum Darwinism and has strong independence.
The complete proof is given in Appendix A in the Supplemental Material [53] . In the forward direction ( =⇒ ), an explicit form of the state ρ SF with spectrum broadcast structure is used to calculate the various mutual and accessible information as well as the entropies required to fulfill strong quantum Darwinism. Spectrum broadcast structure explicitly satisfies strong independence [5] . In the reverse direction (⇐=), the conditions of strong quantum Darwinism (including surplus decoherence of Ref. [47] , and classical-only correlations of Ref. [54] ) enforce particular structures on the state ρ SF , and we use these properties and general properties of states, to recover bipartite spectrum broadcast structure, Corollary 1.-Strong Quantum Darwinism is equivalent to bipartite spectrum broadcast structure.
This proof comes from the proof of main theorem: the result has been encapsulated into a Corollary in order to prove the following statement about objectivity:
Corollary 2.-Strong Quantum Darwinism is sufficient and necessary for objectivity:
Proof.-Horodecki et al. [5] prove precisely Eq. (10) for bipartite spectrum broadcast structure (in place of strong quantum Darwinism). By Corollary 1, Eq. (10) holds for strong quantum Darwinism.
Remark.-In fact, Horodecki et al. [5] proved that objectivity + strong independence =⇒ spectrum broadcast structure. Hence, spectrum broadcast structure is an overly stringent requirement for objectivity, in contrast to strong quantum Darwinism which is both sufficient and necessary without additives. Strong independence itself is not required for the system objectivity: in Appendix B of the Supplemental Material [53] , we provide examples of objective states that exhibit bipartite broadcast structure, but not strong independence.
Measuring strong Quantum Darwinism.-Through the lens of strong Quantum Darwinism, a large Holevo quantity χ S Π : F is required for objectivity; whilst the discord D S Π : F is a hindrance. As such, we suggest the following as a measure that captures the degree of objectivity of a state in the presence of discord:
which takes values between [0, 1]. Objectivity occurs when the minimum value is obtained, M SQD (ρ SF ) = 0 signaling perfect strong quantum Darwinism. This measure is not unique, implying a certain partial ordering of states. The components of Eq. (5) can be combined to form other valid measures with different orderings.
Mironowicz et al. [40] have defined a geometric distance bound on how close a state ρ SF is to being of spectrum broadcast structure:
where
The fidelity is B ρ 1 , ρ 2 = √ ρ 1 √ ρ 2 1 , and ρ S Π F = i p i |i i| ⊗ ρ F |i is the post-measurement (separable) state.
Notice that our proposed M SQD (ρ SF ) and Mironowicz et al. [40] 's η(ρ SF ) are related to each other. The term ρ SF − ρ S Π F 1 = D geo S Π : F is the geometric quantum discord [55] , hence it is related to the entropic quantum discord. For two-qubit states, we have the explicit bound with the entropic quantum discord: [56] [57] [58] [59] . Similarly, for a qubit system, the Holevo quantity is bounded as χ S Π : [60] ). Hence, in the case where the system-fragment ρ SF is a two-qubit state,
The calculation of the entropic quantities of strong quantum Darwinism requires optimisation over measurements on the system. Without the use of the computable bound η(ρ SF ), calculating the distance to the set of spectrum broadcasting states would require optimisation over both the system and all the subenvironments bases.
Discussion.-We have shown a fundamental shift in understanding the emergence of classicality through classical information redundancy as opposed to more general quantum information redundancy. We introduced strong quantum Darwinism by identifying that shared classical information is required for objectivity and by noting that the existence of quantum correlations hinders objectivity. Formally, we examined the nature of the shared systemenvironment information using the tools of quantum information theory. By proving that the combined strong quantum Darwinism and strong independence is equivalent to spectrum broadcast structure, we have provided a sharper understanding of the quantum-to-classical transition: strong quantum Darwinism alone is necessary and sufficient for objectivity of a system state, capturing succinctly the minimal requirements of objectivity. In contrast, spectrum broadcast structure describes both objectivity of the system state and partial objectivity of the environment states. Finally, we have suggested a possible measure for the degree of objectivity using classical and quantum information, complementing the state structure and geometric perspectives of spectrum broadcasting.
The discrepancy between the classical accessible information and quantum mutual information observed in earlier papers [6, 30] is now resolved: the discrepancy implies that strong quantum Darwinism does not emerge, and there is no objectivity nor spectrum broadcast structure. Strong quantum Darwinism also addresses the concerns by Horodecki et al. [5] , whereby traditional quantum Darwinism emerges even when the system-environment state was clearly entangled. The example in [5] is the following:
where P |ψ = |ψ ψ|, p = 1/2, a = √ p and b = √ 1 − p. In Appendix C [53] , we determine that I(S : E) = H(S), i.e.. quantum Darwinism is satisfied, whilst X S Π : E = H(S) for p = 0, 1. Strong Quantum Darwinism is not satisfied in general, and this is consistent with the correct conclusion that the system is not objective.
Strong Quantum Darwinism opens up yet further questions to be addressed. We have shown that strong quantum Darwinism deviates from spectrum broadcast structure when there are intra-sub-environmental correlations. Then, when does strong quantum Darwinism deviate from the usual quantum Darwinism? Many past studies of models in the literature find quantum Darwinism also assume no system self-Hamiltonian, or that the system Hamiltonian H S commutes with the coupling Hamiltonian H I . In contrast, the two examples where strong quantum Darwinism is needed [6, 30] both have that [H S , H I ] = 0 yet with very different kinds of systembath Hamiltonians. The work of Ref. [61] shows that the commuting properties of H S and H I can shape the nature of the correlations, work, entropy etc. in bipartite systems. These examples also displayed strong systemenvironment correlations and non-Markovian dynamics. Therefore, we conjecture that strong quantum Darwinism deviates from traditional quantum Darwinism when there is a non-negligible self Hamiltonian, a coupling Hamiltonian that does not commute with it, and strong system-environment correlations.
The quantum-to-classical transition remains an unsolved problem. Strong quantum Darwinism captures, formally and conceptually, the essence of what will be required: the emergence of perfect classical correlations and the disintegration of quantum correlations between objective objects and independent observers.
Upon completion of our manuscript, two experimental works have been reported investigating quantum Darwinism in photonic [62] and spin [63] environments, which base their analysis in the Holevo information. Our work and the newly introduced concept of Strong Quantum Darwinism gives solid foundation to these experimental works.
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SUPPLEMENTAL MATERIAL FOR "STRONG QUANTUM DARWINISM AND STRONG INDEPENDENCE IS EQUIVALENT TO SPECTRUM BROADCAST STRUCTURE"
Appendix A: Proof of the equivalence between spectrum broadcast structure and combined strong quantum Darwinism and strong independence (main Theorem)
1. Proof ( =⇒ ): spectrum broadcast structure implies strong quantum Darwinism and strong independence First, we prove that if ρ SF has spectrum broadcast structure, then we have strong quantum Darwinism, with I(S : F) = I acc (S : F) = χ S Π : F = H S Π = H(S). The most general spectrum broadcast structure state has form
where {|i } is the pointer basis, p i are probabilities, and the conditional states ρ
Conditioned on system state |i , the conditional environment states are product and hence satisfy strong independence.
The condition of perfect distinguishability means that ρ
have mutually orthogonal supports and are simultaneously diagonalisable. Usually, the accessible information is bounded by the Holevo information:
commute, we have that I acc (S :
Without loss of generality, we can define the eigenbasis for these fragment states as |j E k j for each subenvironment E k , such that the eigendecomposition of each state, conditioned on the system being in state |i , can be written as
where j = (j 1 , . . . , j F ) and we have defined
Each of the |j are orthonormal, and so we have an eigenbasis {|j } j . Therefore
Due to the mutually orthogonal supports, d Ee (j e , i)d Ee (j e , i ) = 0 for i = i , i.e., for a given j e , d Ee (j e , i) is nonzero for at most one i: d Ee (j e , i) = 0 if and only if j e ∈ J 
where j∈Ji d(j, i) = 1 by normalisation of the state. Now, for I(S :
hence I(S : F) = H(S). Finally, given the product form of
, then the strong quantum Darwinism condition holds for multiple subenvironments I(S :
. . , F , and multiple different observers are able to measure their own fragment E k without Bohr-disturbing [41] the system [5] .
2. Proof (⇐=) : strong quantum Darwinism and strong independence implies spectrum broadcast structure Now, we prove that if a state ρ SF satisfies I(S : F) = I acc (S : F) = χ S Π : F = H S Π , and if the state also has strong independence I(E j : E k |S) = 0 for all j = k, then it must have spectrum broadcast structure.
a. Subproof: strong quantum Darwinism implies bipartite spectrum broadcast structure If I acc (S : F) = χ S Π : F , then the ensemble p i , ρ F |i of the state ρ F must have commuting ρ F |i elements [64] . Therefore, they have a common eigenbasis |ψ j , where ρ F |i = j c(j, i)|ψ j ψ j | for some eigenvalues {c(j, i)} j . Then, 
If (A25) holds for every i, then it will hold for the average. Furthermore, the conditional states ρ F |i always correctly predict the system state |i for any probability distribution {p i }, hence (A25) should hold for every i: 
quantum Darwinism, rather than assuming that it occurs. It implies that the original state has the classical-quantum branching form i p i |i i| ⊗ ρ F |i , i.e., ρ SF = ρ S Π F has bipartite spectrum broadcasting structure. Note that Piani et al. [54] have also proven the correspondence of I(S : F) = I acc S Π : F (where the quantum mutual information is equal to classical mutual information) with classical-classical SF states ρ SF = i,j p ij |i i| ⊗ |ψ j ψ j |.
b. Subproof: Recovering (multipartite) spectrum broadcast structure with strong independence Technically, we do not need to decompose F into smaller components in order to satisfy spectrum broadcast structure, as spectrum broadcast structure makes no explicit requirement on the number of observed sub-environments. We could, for example, consider F as a macrofraction [40] .
If one wished to decompose F, then we need to enforce full strong Quantum Darwinism and strong independence. From full strong quantum Darwinism, multiple observers must be able to measure disjoint fractions of the fragment F. Hence, there exist subfragments F = E 1 ⊗ · · · ⊗ E F (F > 1) for which the strong quantum Darwinism condition holds, and therefore ρ SE k = i p i |i i| ⊗ ρ E k |i , where each ρ E k |i i are mutually distinguishable (by the proof above). From strong independence, there are no correlations between the environments conditioned on system state |i , hence the conditional state ρ F |i is product. We therefore have that ρ SF = i p i |i i| ⊗ ρ E1|i ⊗ · · · ⊗ ρ E F |i , i.e., the extended spectrum broadcast structure.
